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Interaction between gravitational waves and domain walls
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We study the gravitational perturbations of thick domain walls. The refraction index and spin properties of
the solutions interior to the wall are analyzed in detail. It is shown that the gravitational waves suffer a
refraction process by domain walls. The reflection and transmission coefficients are derived in the thin wall
limit. In relation to the spin content, it is shown that the ‘‘3 ’’ helicity 2 gravitational wave mode maintains in
the domain wall the same polarization state as in vacuum. On the contrary, the ‘‘1 ’’ mode, of pure helicity 2
in vacuum, is contaminated inside the wall with a spin 0 state, as well as with spin 2, helicity 0 and 1 states.
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I. INTRODUCTION

Topological defects occur in condensed matter syste
and in field theories of elementary particles. When
vacuum does not possess all the symmetries of the theo
symmetry breaking can occur, leading to the formation
topological defects. This symmetry breaking is usually d
scribed in terms of scalar fields. In cosmology, this break
occurs spontaneously, when the early universe has co
down to some critical value of the temperature. Depend
on the type of symmetry that is being broken, topologi
defects can be domain walls, strings, monopoles, and
tures~see Ref.@1# for all details!.

In this work, we are interested in domain walls. Doma
walls appear through the breaking of a discrete symmetry
the simplest realization the vacuum has two states, in wh
the scalar fieldw can take valuesw1 andw2 , say. When on
one side of two neighboring regions it takes the valuew1

and on the other sidew2 , then a domain wall occurs in th
separation layer, with the fieldw interpolating between thes
two values. These are theZ2 domain walls, which arise due
to a discrete symmetry breaking of two possible states.
(311)-dimensional@(311)D# domain walls, are in fact the
kink ~soliton! solutions in (111)D when extended throug
the other two transversal directions@thus, (n11)D domain
wall solutions of this type exist forn>1#.

Since their introduction@2,3#, domain walls have been
rejected and readmitted several times as possible object
habiting our universe. Initially they were ruled out becau
once formed, with a typical energy scale of*1 MeV, they
would dominate catastrophically the energy density of
universe. Nevertheless, they showed interesting gravitati
effects, and within this perspective, were analyzed in de
using a thin wall approximation@4,5#. Domain walls were
resurrected in a new scenario where a possible late p
transition occurred@6#. The critical temperature here is low
and the wall can acquire a relative large thickness. Th
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walls would produce very low density contrasts and lack a
observational support. Domain walls appeared a third ti
when it was suggested@7# that Planck size topological de
fects could trigger inflation. Recently, the study of doma
walls reappeared in higher dimensions, after the sugges
that the universe is a three dimensional domain wall in
higher-dimensional universe@8–10#.

Important aspects that have been discussed in the lit
ture are the gravitational interaction of the domain walls w
other particles and walls@1,11#, the dynamics of the walls
@1,12#, and the intrinsic structure of the wall itself@1,13–16#.
The gravitational field of the wall has some interesting fe
tures. For instance, both the interior and exterior grav
tional fields are not static. In addition, the gravitational fie
to external observers is repulsive, an effect which can
seen differently according to the coordinate system used@5#.

Here we want to consider thick domain walls, of the kin
studied by Widrow@13#, and analyze gravitational perturba
tions in the interior solution. We will display a master wav
equation that governs the evolution of the gravitational fi
modes. This equation is solved in the thin wall limit, yieldin
very interesting results concerning the reflection and tra
mission of gravitational waves by domain walls. This e
tends to gravitational waves the work presented in Ref.@1#
~see Sec. 13.4 of the book! for the scattering of scalar field
waves. The thick wall is also considered and the proper
of the waves inside the wall are analyzed in what conce
their spin content.

This type of analysis for the study of the interaction b
tween matter and gravitation has been performed in a pr
ous work of ours for thin systems with perfect fluid matt
@17#. Here, we apply it to domain walls but are includin
now the transition between matter and vacuum.

II. BACKGROUND CONFIGURATION

The action for the scalar field is

Sw5E A2gL wd4x5E A2gS 1

2
gmn]mw]nw2V~w! Dd4x,

~1!
©2001 The American Physical Society11-1
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whereLw is the scalar field Lagrangian, andg is the deter-
minant of the metric. The action for the gravitational field

Sg52
1

16pGE A2gR d4x, ~2!

whereR is the Ricci scalar. The equations of motion, of t
joint action Sw1Sg , for the scalar and gravitational field
are, respectively,

hw1
dV

dw
50, ~3!

Rmn58pGS Tmn2
1

2
Ta

agmnD , ~4!

where,h[(1/A2g)]m@A2ggmn]n#, Rmn is the Ricci ten-
sor, andTmn is the energy-momentum tensor given by

Tmn5]mw]nw2gmnLw . ~5!

The domain wall will be specified by the scalar and gra
tational field solutionsw̄ and ḡmn , respectively. We assum
that the domain wall has plane symmetry along thex-y plane
~i.e., the group of motions isE2), and reflection symmetry
underz→2z. The absolute minimum value for the potenti
is assumed to be given byVmin50. The scalar field depend
on z only, w5w̄(z). w̄(0) is a local maximum of the poten
tial andw15w̄(1`), w25w̄(2`) are absolute minima o
the potential, V@w̄(6`)#5Vmin50. Reflection symmetry
implies w̄(z)2w̄(0)5w̄(0)2w̄(2z). The potential is an
even function of z due to the reflection propertyV(w)
5V@2w̄(0)2w#, around the local maximumw̄(0). The
gravitational field depends on timet and coordinatez,
ḡmn(t,z). Reflection symmetry implies ḡmn(t,z)5

ḡmn(t,2z).
The wall creates a gravitational field with a line eleme

of the form

ds̄25D~z!@dt22dz22e2st~dx21dy2!#, ~6!

in the coordinates used by Widrow@13#, wheres.4pGs
and s is the wall tension. The equations of motion~3! and
~4! are written as

w̄91
D8

D
w̄82D

dV

dw
~w̄!50, ~7a!

~D8/D !81
16p

3
G@w̄821DV~ w̄ !#50, ~7b!

where 8[d/dz. D is an even function ofz andD8/D varies
from 0 at z50 to a constant value outside the wall whe
w̄8, V→0. More precisely@13#, D8/D→7s asz→6`. The
function D can and will be normalized toD(0)51.

Turning off gravity, i.e., usingnmn in Eq. ~3!, the scalar
field equation of motion admits a solutionw0(z) satisfying
02401
-

t

w08
252 V~w0!, w095

dV

dw
~w0!. ~8!

The gravitational field produced by the wall back reacts p
ducing the scalar field solutionw̄(z) instead ofw0(z). The
most often considered potentials are thew4 potential

V5
1

4
l~w22h2!2, ~9!

wherel is a coupling constant andh a mass scale, and th
axionlike potential~see, e.g., Ref.@1#!

V5
m2h2

N2
@12cos~Nw/h!#, ~10!

wherem is the mass of the pseudo-Nambu-Goldstone bo
~axion!, much smaller than the scaleh, andN is an integer.
In the first case the energy density of the wall isr0;lh4,
the wall thickness isl;l21/2h21 and the wall tension iss
5r0l;l1/2h3. In the second case, the same quantities ar
the order of magnitude, respectively,r0;m2h2, l;m21,
and s;mh2. We are interested in perturbations with ve
large wavelengths up to the order of;1/AGr, i.e., with
wave numbers as small ask0 defined as

k0
254pGr0 . ~11!

Notice the following hierarchy:s/k0.k0l;h/MP is an ex-
tremely small number andsl.k0

2l 2;h2/MP
2 is even smaller.

III. GRAVITATIONAL PERTURBATION EQUATIONS

The background is thus given byw̄(z) andḡmn(t,z). Con-
sider now perturbations around this background configu
tion

w5w̄~z!1dw~xm!, ~12a!

gmn5ḡmn~ t,z!1hmn~xm!. ~12b!

w andgmn obey the Klein-Gordon and Einstein equations~3!
and ~4!.

We are going to assume thatḡmn as given in Eq.~6!
differs only slightly from the Minkowski metrichmn @hmn

5diag(1,21,21,21)#, i.e., ḡmn2hmn is a small quantity.
This amounts to say thatsutu!1, suzu!1 @which assures tha
uD21u!1 becauseD(0)51 anduD8/Du<s#. In this region
of the space-time the deviation of the scalar field solut
w̄(z) from w0(z) is suppressed by the Newton constantG.
To be consistent we treat the equations expanding up
well defined order inG.

Subtracting from the equations obeyed byw(xm) and
gmn(xm), the equations obeyed by the background fieldsw̄

andḡmn , one obtains the equations satisfied by the pertur
tionsdw andhmn . In leading order inG, the linearized equa-
tions in dw andhmn are
1-2
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hmndw ,mn1
d2V

dw2
~w0!dw5

dV

dw
~w0!hzz, ~13!

Rmn2R̄mn58pGS 2
1

2
w08

2hmn2hmnw09dw1w0,mdw ,n

1w0,ndw ,mD , ~14!

where we have used the de Donder~or harmonic! gauge
condition

hamhmn,a2
1

2
habhab,n50. ~15!

In Eqs. ~13!,~14! we have neglected terms th
go as (w̄2w0)dw, (w̄2w0)hmn , (ḡab2hab)dw or (ḡab
2hab)hmn because they are of higher order inG. This is, of
course, compatible with our assumption that the calculati
are only valid within the rangeutu, uzu!s21, (uD21u!1).
However, the nonlinearity of Einstein equations is taken
account by keeping the terms in the first member of Eq.~14!

that go as (ḡab2hab)hmn , which are comparable with
Gw08

2hmn in the second member.
Equation~13! is satisfied for modes withhzz50 anddw

50. In this paper we study the gravitational modes obey
that condition, except in Sec. V B where a gauge transfor
tion is performed that modifieshzz50 anddw.

Given the plane symmetry of the wall and the well d
fined time scales21 of the background gravitational field,
is legitimate to look for periodic wave modes of the form

hmn5Amn~z!ei (2vt1kxx1kyy), ~16!

as long asv@s. In these conditions the explicit dependen
of Eq. ~14! on time and parameters can be neglected, which
we do. Moreover, since the background curvature;AGr
(r5s/ l is the volume energy density andl the thickness of
the wall! is much bigger thans.4pGs, AGr@s, one can
still havev;AGr. Thus, it is still possible to study effect
of gravitational modes on matter and vice versa.

Recently, perturbations of static domain walls in gene
(n11)D space-times were studied in Ref.@18# and it was
shown that the equations of motion admit solutions obey
the additional constraintshmz50, hmnhmn50. In combina-
tion with the de Donder gauge condition~15! they define
transverse traceless modes with respect to the coordin
t,x,y: i.e.,

habhbc,a50, habhab50 ~a,b5t,x,y!. ~17!

Without loss of generality we consider waves propagat
along thex-z plane, that is,ky50 in Eq.~16!. There are two
independent modes satisfying the above constraints, tha
name ‘‘3 ’’ and ‘‘ 1 ’’ modes for reasons that will be clear i
Sec. V. The ‘‘3 ’’ mode obeys the following relation:

vhty52kxhxy . ~18!
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In turn, the ‘‘1 ’’ mode obeys

v2htt52vkxhtx5kx
2hxx , ~19!

which upon using the tracelessness conditionhyy5htt2hxx
also yields

v2hyy5~kx
22v2!hxx . ~20!

Equation~14! gives for these ‘‘3 ’’ and ‘‘ 1 ’’ modes

~v22kx
2!hmn1@D~D21hmn!8#850, ~21!

up to higher order terms inG. In this equation it is taken into
account thatD(z) relates with the energy density of the fre
wall, r0(z), as

D9.28pGr0528pGw08
2 , ~22!

in accordance with Eqs.~7b! and ~8!. Neglecting higher or-
der terms inG means here to considerD9Dn.D9, D8Dn

.D8, D82 .0. This will be consistently carried out through
out the paper.

We are interested in two main aspects, refraction and s
content of the waves. It is convenient, especially in the c
v2Þkx

2 , to define new functions

cmn5D21/2hmn , ~23!

in such a way that they obey a more familiar different
equation

~v22kx
2!cmn1cmn9 14pGr0cmn50. ~24!

It has the form of a time-independent one-dimensio
Schrödinger equation where24pGr0 takes the role of a
potential. This equation can be solved analytically for p
ticular energy density profiles which will be done below
Equation~24! is the master equation for the perturbations
have been considering. Equivalently, one can use Eq.~21! as
our master equation.

In order to identify the spin of the waves it is necessary
perform certain coordinate transformations. Under the infi
tesimal transformationxm5 x̂m1jm, the perturbations of the
scalar and gravitational fields given by Eqs.~12! transform
into

dŵ5dw1w̄8jz, ~25a!

ĥmn5hmn1hmnD8jz1D~jm,n1jn,m!, ~25b!

where jm5hmnjn. Here we neglect again the time depe
dence of the bakground metric~6! ~recall that we have as
sumedv@s). The spin composition will be studied in deta
in Sec. V.

IV. SOLUTIONS OF THE WAVE EQUATION

It is clear that the phase velocity in the wall is differe
from the phase velocity in vacuum,c51. Consequently,
1-3
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there is a refraction and reflection phenomenum whe
wave enters the wall from outside or emerges off the w
We analyze first the particular casev25kx

2 , and then study
the casesv2Þkx

2 .

A. v2Äkx
2

From Eq.~21! one derives two independent kinds of s
lutions:

hmn5«mnD~z!e2 iv(t2x), ~26!

hmn5«mnD~z!E
0

z dz8

D~z8!
e2 iv(t2x), ~27!

where«mn are constant polarization tensors constrained
ther by Eq.~18! or Eqs.~19!,~20!.

The spin composition of the waves will be studied in S
V in the general case. Neverthless, we study here briefly
spin content of the particular waves in Eqs.~26! and ~27!.
We resort to Eqs.~25!. It turns out that the solutions spec
fied by Eqs.~26!,~18!, and ~19!,~20! can be gauged awa
with appropriate transformationsj t, jx, andjy. That is not
so for the solutions~27!.

A transformation

jy5
i

v
D21hty ~28!

brings the wave specified by Eqs.~18! and ~27! into the
canonic form where only theĥyz component is nonzero an
its amplitude is constant everywhere:

ĥyz52
i

v
« tye

2 iv(t2x). ~29!

It represents an helicity-2 gravitational wave that propaga
parallel to the wall at the speed of light, inside and outs
the wall, without any noticeable interaction. The other mo
identified by Eqs.~19!,~20!, has the pathological feature o
hyy50 in the limit v25kx

2 and it is preferable to study th
generic casev2Þkx

2 in Sec. V.

B. v2Åkx
2

To obtain solutions for Eq.~24! one has to present a give
potential 1

2 D9524pGr0. Outside the wall, where the en
ergy density is negligible, Eq.~24! admits a plane wave so
lution

cmn5«mnei (2vt1kxx1kzz), ~30!

propagating at the speed of light, i.e., with a dispersion re
tion given by

v25kx
21kz

2 . ~31!

Inside the wall, if the densityr0 is constant or varies suffi
ciently slowly, Eq.~24! also admits a plane wave solution
the interior of the wall but with a different dispersion relatio
02401
a
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v25kx
21kz

224pGr0 . ~32!

A wave traveling into or from the wall gets different value
of momentum along thez direction inside and outside th
wall, while keeping the same value ofkx . This is a typical
refraction phenomenum. There are two aspects to anal
one is the reflection and transmission properties of the w
and the other the spin content.

The class of domain wall models we consider correspo
to thin walls in the sense that the product of the poten
times the square of the widthl is very small, i.e., 4pGr0l 2

.sl;h2/MP
2!1. If, in addition, the wavelengthkz

21 is
much larger than the wall thickness,kzl !1, it is sufficient to
consider the extreme thin wall limit to study the wave spe
trum and transition from the wall to the vacuum. Th
amounts to consider thed-function wall, which gives rise to
the Vilenkin wall

r05sd~z!. ~33!

Then, Eq.~24! is now, omiting the tensor indices,

c914pGs d~z!c1~v22kx
2!c50. ~34!

We stress that this equation applies to both polarizat
states ‘‘3 ’’ and ‘‘ 1.’’ Its solutions can be further separate
into two cases.

~a! v22kx
2,0. This case corresponds to a ‘bound’ sta

of the Schro¨dinger equation. We writea252(v22kx
2), with

a2.0. The solution of Eq.~34! is then

c~z!5aeaz, z,0, ~35a!

c~z!5ae2az, z.0. ~35b!

Integrating through the wall, one obtainsa52pGs.s/2,
which yields the dispersion relationv25kx

22s2/4. However,
since we have been assuming thatv@s and have neglecteds
in the linearized perturbation equations, this solution can
be differentiated from the casesv25kx

2 analyzed before rep
resenting waves propagating along the plane of the wall.

From the dispersion relation~32! one can draw genera
conclusions, even when one does not restrict to a partic
potential, such as the one in Eq.~33!. Indeed, the dispersion
relation ~32! suggests that that are solutions where the a
plitude does not vary in the interior to the wall (kz50) cor-
responding to negative values ofv22kx

2524pGr0 in par-
ticular v2,0. However, those wave functions diverg
exponentially in the space exterior to the wall with a sc
A4pGr0@s and do not provide well behaved solutions. T
analogous problem for a fluid wall was treated in Ref.@17#.
In view of the similarity between the dispersion relation~32!
and the dispersion relation obtained in the case of a fluid w
for wave functions independent ofz @see also the mode give
by Eq. ~18! in this paper and the equivalent mode in Re
@17##, it is likely that the same conclusion applies in the ca
1-4
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of the fluid. In other words, the unstable modes,v2,0, di-
verge exponentially with the distance to the wall and the
fore do not belong to the actual wave spectrum when the
spatial variation is taken into account.

~b! v22kx
2.0. This case is a typical scattering proble

We write kz
25v22kx

2 , with kz , kz
2.0. The solution of Eq.

~34! is

c~z!5a eikzz1b e2 ikzz, z,0, ~36a!

c~z!5c eikzz, z.0. ~36b!

Continuity and integration through the wall yield for the r
flected and transmitted wave amplitudes, respectively,

b52
s

s12ikz
a, c5

2ikz

s12ikz
a. ~37!

Thus, the reflection Re and transmission Tr coefficients

Re[
ubu2

uau2
5

s2

s214kz
2

, ~38a!

Tr[
ucu2

uau2
5

4kz
2

s214kz
2

. ~38b!

The ratio of both coefficients is Re/Tr5s2/4kz
2 . Thus, forkz

small ~large wavelengths! compared tos.4pGs, almost all
of the wave is reflected. Forkz large almost all of the wave
passes through the wall. This conclusion is similar to the
displayed in paragraph 13.4 of Ref.@1# ~see also Ref.@11#!
for the scattering of scalar particles by domain walls witho
the inclusion of gravitational effects. Notice that the refle
tion and transmission coefficients are the same for both
polarization states ‘‘3 ’’ and ‘‘ 1.’’

In Eqs. ~36! we have dropped the indices of the wa
functioncmn and consequently ofamn , bmn , andcmn . How-
ever, the indice content is important when one wants to a
lyze the spin and helicity of the waves. Since, one can do
directly from the equations of motion of the waves~18! and
~19!, ~20! in their most general form, Eqs.~21!, there is no
need to discuss for this particulard-function potential, one
can study the spin conposition generically. We do this in
next section.

V. SPIN COMPOSITION

Gravitational waves only have helicity62 states in
vacuum. One usually gauges away the time component
the wave tensorhmn , that correspond to spin 0 and 1 state
and verifies that the remaining spatial tensorhi j is traceless
and transverse. That eliminates the spin 0 and spin 2 s
with helicity different from62. We do the same here for th
modes identified in Eqs.~18! and ~19!, ~20! by applying
sucessive gauge transformations as expressed in Eqs.~25!.

One point to keep in mind is thatD8 varies from 0 atz
50 to uD8u.4pGr0l .s on the surfaces of the wall,uzu
' l /2, as results from the integration of Eq.~7b!. In addition,
02401
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recall thats!AGr0 and s!v hence, we will neglectD8
with respect tov and AGr0 but not D9.28pGr0 with
respect tov2.

Our first order expansion in the Newton constant forces
to neglect products such asGr0D8 or (Gr0)2 in Sec. V B.
For the mode ‘‘1 ’’ studied in that section it is convenient t
consider a simple energy density profile that is almost
around its maximum which is true for some scalar field p
tential models. Alternatively one may consider that the c
culations apply only to the points where the energy den
has a maximum, or thatD-50, which indeed occurs in the
central plane of the wallz50.

A. Mode ‘‘Ã ’’

This mode obeys the relation~18! and the equations o
motion ~21!. Applying the transformationjy given in Eq.
~28!, the componenthty is gauged away and one obtains

ĥxy5
v22kx

2

kx
2

hxy , ~39a!

ĥyz5
ikx

v2
D~D21hxy!8. ~39b!

From this and thehxy equation of motion~21! one derives
the relation

ikxĥxy1ĥyz8 50, ~40!

and also the equation of motion ofĥyz ,

~v22kx
2!ĥyz1D~D21ĥyz8 !850. ~41!

Note that this is different from the equation of motion ofhxy

and ĥxy .
This mode is obviously traceless and is also transve

because, as results from Eq.~40!,

¹̄mĥmn.D21hma]aĥmn50, ~42!

where the covariant derivative refers to the unperturbed m
ric ḡmn . The terms neglected in the first equality are su
pressed byuD8u/v&s/v!1. The conclusion is that this par
ticular gravitational wave constitutes a well define
polarization state ‘‘3 ’’ of helicity 62 even in the interior of
the domain wall where the refraction index is modified@see
Eqs.~24! and ~32!#.

B. Mode ‘‘¿ ’’

This mode is specified by Eqs.~19!,~20!. The components
htt andhtx are gauged away with the transformations

j̃ t52
i

2v
D21htt , ~43a!
1-5
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j̃x5
ikx

2v2

2v22kx
2

v22kx
2

D21hyy .

~43b!

The new tensor is

h̃tz5
i

2v

kx
2

v22kx
2

D~D21hyy!8, ~44a!

h̃xx52
v22kx

2

v2
hyy , ~44b!

h̃yy5hyy , ~44c!

h̃xz52
2v22kx

2

vkx
h̃tz . ~44d!

Using Eq.~21! one gets

h̃tz8 52
ikx

2

2v
hyy . ~45!

h̃tz obeys the same wave equation~41! as ĥyz . To eliminate
h̃tz one needs anjz transformation which introduces a pe
turbation in the scalar field as follows from Eq.~25a!. There
is no other way of gauging away all the time componentshtm
without introducingjz. This already shows that this mod
has a scalar, spin 0 component and is not a pure spin 2 w
To keephtt and htx equal to zero one has to perform a s
multaneous transformation as follows:

j t52
i

2v
D8D21jz, ~46a!

jx52
kx

v
j t, ~46b!

jz5
1

v21k0
2

D21S ivh̃tz1
1

4

kx
2

v212k0
2

D8hyyD ,

~46c!

wherek0
2 is defined in Eq.~11!. Here it is important to as-

sume thatD- andr08 are negligible small which is true in th
central plane of the wall where they vanish, or in any mo
where the scalar field potential is flat in a certain inter
around its maximum. Making use of Eqs.~44a! and~45! the
new wave tensor comes as (ĥtz50)

ĥxx52
v22kx

2

v2 S hyy1
iv

v21k0
2

D8h̃tzD , ~47a!

ĥyy5hyy , ~47b!
02401
ve.

l
l

ĥzz5
1

v212k0
2 S 2kx

2hyy1 iv
2v22kx

2

v21k0
2

D8h̃tzD , ~47c!

ĥxz5
22

v21k0
2 S v

kx
~v22kx

21k0
2!h̃tz1

i

4

kx
3

v212k0
2

D8hyyD ,

~47d!

with h̃tz given by Eq.~44a!. There is a spin 0 scalar field
perturbation

dŵ5w̄8jz. ~48!

There is also a gravitational field spin 0 term, identifi
with the trace ofĥmn . Indeed, the trace is given by

ĥ5ĥxx1ĥyy1ĥzz5
2k0

2

v212k0
2

kx
2

v2
ĥyy1•••. ~49!

The ellipses represent terms suppressed byuD8u/v&s/v
!1. Remarkably enough the trace is proportional tok0

2

54pGr0 showing that it only exists in matter, in the do
main wall, vanishing in the surrounding empty space.

There are no spin 1 waves, sinceĥi j is symmetric. To
determine if there are spin 2 states with helicity differe
from 62 one evaluates the divergence of the traceless p

ĥi j
T 5ĥi j 2

1

3
ĥd i j , i , j Þt, ~50a!

ĥtm
T 50. ~50b!

The result1 is again proportional tok0
2:

¹̄mĥmt
T 50, ~51a!

¹̄mĥmx
T .2

4

3
i kx

k0
2

v212k0
2

kx
2

v2
D21ĥyy , ~51b!

¹̄mĥmy
T 50, ~51c!

¹̄mĥmz
T .2

1

3
i kxk0

2
9v224kx

2

~v212k0
2!~v22kx

21k0
2!

D21ĥxz .

~51d!

It remains to tell whether the helicity is 0 or61. A spin 2
helicity 0 state corresponds to a divergence vector¹̄mĥm i

T

parallel to the wave vector and the helicity 1 to a divergen

1If we had not neglectedD- one would get terms with the fourth
derivativeD (4), but that would introduce one more model depe
dent parameter and could not change the conclusions.
1-6
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vector orthogonal to the wave vector. Here the wave vec
has to be replaced by the more general quantity, the grad
¹̄nĥab

T . Then, the signature of helicity 0 may be construc
as the internal product

Hab
0 5¹̄mĥmn

T ¹̄nĥab
T , ~52!

and the helicity 1 signature as

Hi j ab
1 5¹̄gĥg i

T ¹̄ j ĥab
T 2¹̄gĥg j

T ¹̄ i ĥab
T . ~53!

As expected none of the tensors vanish, for instance,Hyy
0 .

23k0
2kx

2v22ĥyy
2 and Hxzxz

1 .25/3k0
2kx

4v24ĥyy
2 are different

from zero to first order inG. This completes the proof that
perturbation that is a pure gravitational wave off the w
~spin 2 and helicity62), couples in the interior of the do
main wall with spin 0 and spin 2 degrees of freedom w
helicities 0,61, and62. Notice that although the result
derived after Eqs.~46! are only strictly valid in the core o
the wall, the mere existence of helicity and spin states o
than 2 is a continuous property and therefore extends to
entire wall.

VI. CONCLUSIONS

We have considered thick domain walls, mainly tho
studied by Widrow@13#, and have analyzed gravitation
r
e,

rt

or
.

02401
r
nt

d

l

er
he

e

perturbations in the interior solution. We have displayed
perturbation equation which yields the evolution of gravi
tional waves. We were able to solve this equation in the t
wall limit, yielding results concerning the reflection an
transmission properties of the gravitational waves the
selves that are similar to the ones obtained for the scatte
of scalar particles off domain walls presented in Ref.@1#,
where gravitational effects were not taken into account. T
reflection and transmission coefficients are independent f
the gravitational wave polarization state.

The analysis of the spin content of the waves in the in
rior of the wall shows that the two perturbation modes stu
ied have different properties. One corresponds to a pure s
of helicity 62, usually labeled with the symbol ‘‘3.’’ The
other mode reduces in vacuum to the orthogonal state w
helicity 62, denoted as ‘‘1,’’ but in the interior of the wall
it also contains a scalar field perturbation and gravitatio
components with spin 0 and spin 2 states of helicity61 and
0 whose amplitudes are of the order of 4pGr0 /v2.
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